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1 The experiment of interest

A literature review provided many examples of drug release from either proposed device de-
signs or from materials from which the device would be manufactured or from coatings, such
as biodegradable polymers. It was decided that the experiments which we would attempt to
model, were the ones conducted by Argarate et al. [1]. The experiments concerned were centred
on combining different mixtures of the biodegradable polymer PLLA and two drugs, Dexam-
ethasone (DG) and Eugenol (EG), being applied to disks of PLDL and carrying out drug release
experiments. Within the publication, the following cumulative release plots are given, which we
sought to replicate through mathematical modelling.
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Figure 1: (A) Cumulative release in mg/ml of EG from PLDL disk coated with: direct coating
of EG (square), one layer PLLA and EG coating (triangle) and one layer PLLA and EG coating
with a second layer of PLLA and DM coating (circle), in PBS for 8 weeks. (B) Cumulative
release in mg/ml of (square) EG and (triangle) DM from two layer coated disks in PBS for 8
weeks.

1.1 A Drug Release Experiment

In the drug release experiment, the drug diffuses through the polymer and releases into the
overlaying medium (Figure 2) (typically water-dominated). The rate at which the drug releases
is evaluated by periodically measuring the amount of drug in the release medium.

1.2 Formulating a well-posed problem

Defining x and ¢ to be the spatial and time variables respectively, we assume that the polymer
is initially uniformly loaded with drug, so the initial condition is defined as:

c=cy at t=0,0<x<L.
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Figure 2: Schematic showing the experimental setup which gives an idea of the geometry.

Assuming that the release medium is well-stirred, we get the following well-posed initial

boundary value problem:

dc 0%c

— =D f L

5 92 or 0<x<L,
0

—Da—izo onz =0,

c=c at t=0,0<zx<L.

1.3 The solution of the mathematical model

It is assumed that the 1D form of the diffusion equation is sufficient to model the release of drug,
which is justified in that the release of drug is mainly in one direction and it is also assumed
that the dissolution of drug is instantaneous and that all the drug is instantly fully wetted. In
the model, D is the diffusion constant which is assumed to be isotropic, this parameter can be
determined via comparing the results with the data and thus will allow the model to fit the
data more accurately. The model can be solved in numerous ways, in this case Separation of

Variables was used and produced the following analytical solution:

c(x,t) = % i 52_711)—11—; oS ((Zn ;;)WJU) exp <—D(27;£21)27r2t>.

n=1

1.4 The Drug Release Profile
We introduce notation as follows:
M(t) = (the drug in the release medium at time t)
= (drug in polymer at ¢t = 0) — (drug left in polymer at time ¢)
= ALcy— A/OL c(x,t)dx

where A is the cross-sectional area of the polymer face.
The fraction of total drug released from the device by time ¢ is

M) 1 L

M rac — 1 — L+ T 7
! ALCO LCO 0

c(z, t)dx

from (1) it is clear that c(z,t) — 0 as t = 00 50 My, — 1.

(1)



1.5 Estimation of Diffusion Constant D

The experimental results of Argarate et al. [1] were extracted from their plot and compared
to our analytical and numerical solution with L = 30 x 107%m. We estimated D such that
the experimental and analytical results are in agreement with each other (Figure 3) and D was
estimated to be:

2
D =521 x 10712222
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Figure 3: The release profile obtained using the calculated value of D. A numerical approxima-
tion of the model was also computed to compare with the analytical solution.

2 Modelling Drug Dissolution

One of the initial assumptions was that drug dissolution is instantaneous. This would not be
a valid assumption for drugs with a low solubility, so the drug dissolution process is considered
here. An implant is coated with a layer of pure drug. When the system is placed in a release
medium, the drug dissolves at its surface interface with the medium. The dominant mechanism

of drug release here is dissolution rather than diffusion and we shall assume here that the release
medium is well-stirred.
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Figure 4: Schematic showing the implant with a pure drug layer.



2.1 Schematic of dissolution release profile
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Figure 5: Ilustration of how drug concentration will vary under the dissolution process.

2.2 Dissolution ODE model

As the drug layer dissolves we must consider the moving boundary z = s(t) so,

ds+ k ¢ k Lcg — Heg
dt  Hcy—cs H ¢y—cq

where, c; is the solubility limit of the drug in the release medium, H is the depth of the release
medium above the drug layer and k is a fitting parameter that arises from the derivation of the
ODE. The above ODE is subject to s = L when ¢t = 0, which gives the solution:

Hecg
s=L+ ¢ <exp(—kt[ €0 ])—1).
co H [co—cs

To estimate the parameter & we make use of the timescale ¢,

Hcy — L
]{j:_(cocs)log<1_ CO>7
trco Hecg

where t; is the time at which the drug is fully dissolved. The release profile M;/My, can be

obtained from:
M, s(t)  Hes

=1- 2227 — 1— —at
Mo L~ et )
where a is the coefficient of s in above ODE, i.e.,
k Co
a=— .
H ¢y — ¢y



2.3 ODE model solution vs experiment
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Figure 6: Comparison of the ODE dissolution model with the experimental data.

2.4 Mathematical model considering an unstirred medium

The work so far has considered that the release medium is well-stirred during the experiments.
Here we examine what the concentration profile of the dissolving drug would be in an infinite,
unstirred medium. We consider the front of the moving boundary to be s(¢) and ¢s to be the
solubility limit of the drug at this boundary. The dimensional model is as follows:

bo_ pote
ot ox?’

c=cs, x=3s(t), s(t)<z<oo,

ds Oc

(s ) =-Domy x=s(t),

c=0, x—o00, s(0)=0.
We can non-dimensionalise the model with the following scalings:
L2
c=cs, z=1Lz, s=Ls, t= Bt’.
2.5 Non-dimensionalised model
The non-dimensional equations are then (dropping the primes for clarity),
dc d%c
ot ozx2’
s(t) <z <oo, c=1, x=s(t),
ds Oc

(1—)\)a =3 x = s(t),

where A = ¢y /cs is a fitting parameter and these equations are defined until s(¢t) = —1.



2.6 Unstirred model solution

The model can be solved by introducing a similarity variable, transforming c(z,t) — f(n) where
n = x/v/t and the moving boundary can be shown to behave like § = s/v/t. The model then
reduces to the second order ODE with BCs,

f | ndf
— +-—=0 f)=1, 6
anJrzd77 , flO) =1, 0<n<oo,

df 0

—=-(A-1 =40 =0.

The solution to this system, when written back in terms of the original variables is,
erf(%-) — 1
C(%,t) = %) §= 9\/£7
erf(§) -1

where the value 6 comes from solving the following non-linear equation,
V(1 — \) [erf(6/2) — 1] + 2 exp(—6%/4) = 0.

The fraction of drug released is given by:

M(t) [ 6vt/L for0 <t < L?/0?
M(o0) 1 fort> L*/0*

3 Numerical Model of Single Layer Problem

The framework applied is multi-layered and is primarily governed by diffusion but also allows
for a coupled secondary state which can be chosen within each layer. The approach is analogous
to the linear reversible binding two-phase equations, presented by McGinty and Pontrelli [2].
The governing equations within layer « are thus:

OCyalz,t) O <D OCy oz, 1)

> + kl,aCB,oz(l'a t) - k2,aCU,oz(x> t)

ot oz O
alZ,t
aC’Bbt(a:) - _kl,aCB,a(xa t) + k2,aCU,a($v t)

where D, is the diffusion coefficient and k;, and ks, are release and binding rate constants,
which for this case are set to 0. The concentrations Cy, represents unbound free flowing drug
concentration and Cp o represents bound stationary concentration. Between layers o and o+ 1,
interlayer boundary conditions:

: — _Da_l’_ _—
() r +

895 T=xqo T=x4

= Ka(CU,a(xa, t) - PaCU,oz—&-l(xaa t))

_Da

where P, is the partition coefficient and K, is the mass transfer coefficient. On outer boundaries
we have the following conditions:

D1 8CU71(9@, t)

= Ko(cb’o - POCU,I(an t))

Ox w=m0
oC, x,t
~ Dy PUNEDN e (O, t) — PuCiw)
=N

here, Cp o and Cj y are concentration in the surrounding medium. Initial concentrations for
both phases in each layer must be chosen, Cyo(z,0) and Cp o(z,0).
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Figure 7: Comparison of the numerical and analytical solutions with experimental data.

3.1 Casel

To compare the framework to an analytical solution we solve a drug loaded single layer diffusion
system with zero flux and infinite sink boundary conditions. In this case we have N = 1 as the
number of layers is 1

To recreate the boundary conditions, we set Ky to zero to enforce a no flux condition at
the PLDL/PLLA boundary. For the PLLA /release medium boundary we assign a large value
to K3 assuming no surface barrier effects. In this case the partition coefficients Py and P; are
irrelevant but are nevertheless set to 1. Setting Cj 1 to 0 introduces the sink condition. Results
from this case compare favourably with analytical solutions as numerical and analytical solutions
overlap. An interesting aspect of the release curves (Figure 7) is that the initial concentration of
the system is irrelevant. This is can be noted when looking at the analytical solution as initial
concentration does not factor in and so some homogeneous Cyr o (z,0) > 0 Vz was chosen.

3.2 Case 2

In this case we will incorporate the concentration of the surrounding release medium, Cg(t),
which is assumed to be constant in space. Here we signify the concentration within the single
PLLA layer simply with C. We apply the mass conservation formula

L
A/ C(z,t) de + Cr(t)HA = ALcy,
0

where A is the cross-sectional area of the PLLA surface and H is the height of release medium,
obtained from V = H - A. The area is A = 7 - (0.6 cm)? and volume is V = 1 ml (Note that
the actual volume of the release medium is 2 ml, however, using a symmetry argument we can
focus on one side and halve the volume). Taking the time derivative we have

L
/ oC(,t) | OCR() _
0

ot ot

Instead of the temporal derivative we insert the second spatial derivative times the diffusion
coefficient and solve the integral

oC

e n HacR(t)
ox

D

=0.
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Figure 8: Comparison of the effects of different release media volumes on the solution of the
model and hence the release profile.

So to summarize, we use the same system as above but instead of the sink condition on the
PLLA /release medium (at L) we have (where xy is the final spatial node):

CUJ(L, t) = CR(t)

OCR(t oC (z,t
0K 90
ot ox |,y
3.3 Discretisation
We use the following notation to represent the nodal coefficients cii, ctj, ey 6%717 cﬁ(} for the finite

element discretisation of C' at timestep ¢;. Similarly, we use cté as the temporal discretisation of
CR at timestep t;. Applying finite differences to the above equation gives
t; t; t; t;
At Az

Isolating Cr(t;+1) gives

At D Cn(t;) — Cn_1(t)
H Az

Cr(tit1) = Cr(t:) —

3.4 Results

It is interesting to see that the release medium (RM) does not take effect until the RM volume
is reduced to V' = 0.01ml (black curve). It seems that the appropriate volume (of V' = 1) for
this system replicates the sink conditions on the PLLA/RM boundary.

4 Two-layer model of drug-eluting implant

Simplified same polymer problem
List of assumptions:
1. 1D problem
2. PLDL impermeable for the drug transport

3. Well stirred solution with infinite release medium volume



4. Two different drugs do not react with each other or with the polymer and do not degrade

5. Each drug has the same diffusion coefficient D in each layer, although these coefficients
may be different for either drug.

Although this is a two layer problems, we are treating both layers as being made of the same
polymer and essentially there is only one layer. Since there is no interaction between the two
drugs, we could consider the problem for each drug separately. Nonetheless, the set of equations
remains the same for each drug except for the value of diffusion coefficient D or the function of
initial drug concentration. ,

X 0% (2)
x
where ¢; is the concentration of a drug, and D; is the diffusion coefficient for that drug in both
layers.

The condition of the impermeability of the PLDL layer gives us the condition of no flux at

the bottom boundary:

8Ci

Az

The condition of the infinite release medium with combined with good mixing gives us the
limit condition for the upper boundary:

= 0. (3)

x=0;Vt N

= 0. (4)

C; =
x=L1+Lo;Vt

The initial condition for this system is the following

c1=co1 if x € (O, Ll) and 0 if x € (Ll,Ll +L2) at t =0, (5)

co=0if x € (O,Ll) and cop if x € (Ll,Ll +L2) at t =0, (6)

The diffusion equation has an analytic solution with this set of initial and boundary con-
ditions. This equation can be solved using separation of variables, and the generalized time-
dependent solution takes the form:

o
. _1.)\2
ci(z,t) = Z (Anicos(Aniz) + Bpisin(Anix))e Didyit (7)
n=0
In order to define the parameters \,; and the coefficients A,; and B,; we use the boundary
and initial conditions. Let us first apply the condition (3) to the generalized solution:

601-

oo o0
9% =Y (—Anidnisin(0) + Buidnicos(0))e Pt = > Bridnie Pt = 0,

z=0;Vt

= Bm' =0. (8)
From condition (4) we can obtain the condition on the eigenvalues \;:

C;

o0
: : — . )\2
NomrirLame OAMCOS()‘”Z’(LI + Lz))e Pitnit = 0
n=

2 1
M. (9)
2(L1 —+ LQ)

Finally, to identify the coefficients A,; for each drug we should calculate the projection of
initial concentration on normalized basis functions cos(An;x):

= cos(Api(L1 + Lo)) =0 or Ay =



Li+Lso
c¢i(t = 0)cos(Apix)dx
o 0
Api = R . (10)
[ cos?(Anix)dx
0

For the first drug contained initially in the bottom layer of the polymer with the initial
concentration given in (5), the integration gives the following expression for A;:

4001 . L17r(2n + 1)
2@n+ 1) "oy + L) (11)

Similarly, for the drug contained initially only in the upper layer with initial concentration
given in (6):

Anl =

4C Ly7(2 1
e ((—1)” - siniﬂ( nt )>
71'(277, + 1) 2(L1 + L2)

Knowing the function for the concentration of drugs within polymer layers we can now
calculate the normalized release profiles:

Aps = (12)

Li+Lo

M) o
o T / (. ), (13)

where M (t) is quantity of drug released into the medium and Q(0) is quantity of drug initially
contained in the polymer. Doing the integration in (13) for the two drugs we obtain the following
function of release:

—Dyn2(2n+1)%t
M (t i "(L1+L3) Li7(2n+1) W
)

Q1000 — 2n+1)2 sin 2(L1+Ly) &P

—Don2(2n+1)2¢
Ma( t) —1_ Z - _8(L1t+La) (1 _ (_1)nsmLm(2n+1)) exp ATitIn?

Q2(0) Lom2(2n+1)2 2(L1+L2)

This theoretical solution for release curves shows that for the second drug we obtain a more
“classical” release curve, while for first drug diffusing from the bottom layer, the release profile
has a slower ramp in the beginning as there is a certain delay in the release while the drug is
diffusion through the upper layer.

Using this theoretical solution to fit the experimental curves, we can conclude that the
diffusion coefficient for those two drugs are different. This is not surprising as the two drugs
have different molecule sizes. Secondly, in the experiment we do not really observe the delay in
release for the bottom drug. Out hypothesis to explain this would be that during the sample
manufacturing the bottom drug may already start diffusing in the upper layer. The translation
of initial time point could be efficient to explain the difference between the experimental and the
theoretical curves as in reality, the diffusion started before the ¢ = 0 of the experiment. Indeed,
introducing this time translation allowed us to fit the data using 6t ~ 3h. This time shift has
the same order of magnitude with the time the sample has spent in a liquid solution while the
deposition of the second polymer layer or in a humid state before the actual experiment (1h

drying).

4.1 Numerical Solution for the Simplified same polymer problem

To solve the simplified same polymer problem numerically, we use the finite difference method.
Assuming again the problem as one dimensional, we discretise the space occupied by the layers
into 100 nodes along the x direction. Using a forward difference scheme to approximate the first
order time derivative, and a central difference approximation to model the second order space
derivative, equation (2) is written as:

Cit' =G _ Gl — 20+ Gy
ot da2

(14)

10
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Figure 9: Graphical representation of generalized two layers problem with different polymers.

where i refers to the node index, C! is the concentration at node i at time ¢, 6t is the timestep,
dx is the distance between two consecutive nodes (dz = LlngoLQ ), and D is the polymer diffusion
coefficient.

The timestep Jt is assigned a value that ensures drug mass conservation in the domain, and
consequently, the stability of the scheme. Therefore, 6t is calculated as follows:

Sx?
0t =— 15
5D (15)
After each time step t, the concentration at each node ¢ is updated according to:
Dét
Gt =Ci+ 55 (Gl =261+ CLy) (16)

As the expression of concentration is not valid for the nodes at the extremities of the space
domain, we use the boundary conditions to deduce the values of C*; and C%; as shown below:

C _ (... _ Ci—Cii _ _ -
{M—O,w—0=>(;zl—0:>ct_1—06 i=0 )

C=0;2> L1+ L2 = Ci1=0 1 =100

We use the parameters in table 1 to solve the finite difference scheme using an in-house C++
code. Sensitivities were made to deduce the value of diffusion coefficient that leads to the best
match between simulated and experimental data. This was achieved (see Figure 10 and 11) for
a diffusion coefficient value equal to:

D ="7%x10"%m?/s (18)

It is worth noting that the numerical solution deployed here matches exactly the analytical
solution.

Table 1: Value of model parameters employed in Finite Difference Simulations

Parameter Symbol Value
PLLAT1 layer thickness Ly 0.41 mm
PLLA2 layer thickness Lo 0.47 mm

11
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Figure 10: Release profile of the two drugs obtained with Finite Difference Method

Figure 11: Visualisation of the drugs evolution in both layers. Drug is colored as bright green.
Top row: EG drug. Bottom row: DM drug.

5 Generalized two layers problem with different polymers
Analytical solution
List of assumptions:

1. 1D problem

2. PLDL impermeable for the drug transport

3. Well stirred solution with infinite release medium volume

4. Two different drugs do not react with each other or with the polymer and do not degrade

5. Polymer layers are different thus having different drug specific coefficients (Dy; is the
diffusion coefficient for drug ¢ in the bottom layer whereas Ds; will be the coefficient in
the upper layer)

In contrary to the previous problem let the = 0 level be positioned at the boundary
between two polymers. For each drug we need to solve the set of equations separately as there
is no coupling between them, but the procedure is very similar for the both of them as we have
seen in the simplified version of the problem. Here we will consider the drug in the bottom
layer. We will define the function ¢; as the concentration of this drug in the bottom layer and



co as the concentration of the drug in the upper layer. In this case we obtain the following set
of equation:

ol 0?2
cl =D - a:Bc21 ’
8cg _ D2 82%cy

oxz2 °

Similarly to the previous case, we have a zero flux condition on the bottom boundary, and
due to perfect stirring the concentration on top is equal to zero

ey —

oz x=—L1;Vt ’

2 =0.
x=Lg;Vt

Finally, we need to introduce a condition at the boundary between two polymer layers. The

flow across the boundary should be the same. We also assume that the flow is proportional to
the difference of concentration with a certain coefficient of mass transfer p

dcy

D
Yor

3}
- = Dy ;; =p(ca — c1). (19)

Having in mind the general solution of the diffusion equation (7), we obtain from (19) that

=0

Ti(t) _ D2X5(0)
= = const,
Tr(t)  D1X{(0)

(20)

D
= eXp(Dl)‘ilngAgﬁ)t =1 =XM1 =2 72, (21)
Dy
where ¢;(z,t) = T;(t) X;(x).

From (19) we can also obtain the relation between the coefficients for X; function

DiA\p1Bpi = DaAp2Bra = p(An2 — Ant) (22)

The condition on the bottom boundary gives us the following relation between A,; and By
Jcy )
— = 0= M1(Ap1sin(A1L1) + Bpicos(An1L1))
ax r=—11

cos(An1L1)
A, = —By1———————% = —B,1 - ctg(A1L1).
1 sinOun Ly) 1-ctg(Ap1Ly)

(23)
From the upper boundary condition we obtain
Cco . =0= AnQCOS()\nQLQ) + Bngsin(Anng)),
z=Lo
Ang = —Bng . tcm()\nng). (24)
(22), (23) and (24) give us a system of linear equations

Ap1 4 Bp - cot(M1L1) =

Apa + Bpa - cot(A nng)
Brn1D1An1 — p(An )
Bn2DaAn2 — p(Anz2 — A1) =

C- (Anh Bnl; An2u BnQ)T = O’ (25)

where C is the matrix of coefficients. The non-trivial solution exists if the detC = 0. This
gives the condition on the eigenvalues:

/D
DlD%)\ng —l—p(\/ Dltan()\nng)) -V DQCOt </\n2L1 D2> =0.
1

13

(26)
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Figure 12: Representation of 2D domain of model

This equation cannot be solved analytically. We could numerically solve this equation to
identify the eigenvalues, then we can identify the coefficients for spatial functions and thus obtain
the concentration profile. As this procedure is similar to a simpler case described earlier, we
won’t go through it in details.

In the limit of D1 = Dy = D we obtain the same condition on eigenvalues as calculated for
a simplified problem. First, the mass transfer parameter p — co because there is no contrast of
material. Equation (26) takes the form:

\/7)\"2 + VD(tan(AnaLa) — cot(An2L1)) = VD(tan(AnaLa) — cot(AnaL1)) = 0

tan(ApaL2) = cot(Ap2L1) = cos(Ap2(L1 + Lo)) = 0. (27)

We would like to note, that this model can also be used for a one-layer polymer containing
the drug if we want to calculate the solution in case where the mixing is not ideal and there is
a certain boundary layer of the release medium where the medium is not stirred and the drug
is transported only by diffusion.
Numerical solution
Hypotheses list:

1. 2D problem;

2. PLDL impermeable for the drug transport;

Well stirred solution;

- W

Two different drugs do not react with each other or with the polymer and do not degrade;

5. Polymer layers have different physical properties thus having different diffusion coefficients
that is independent of the drug.

Differently from previous cases the domain of the problem is 2D. In this model the domain is
composed from three layers:

1. PLLAI layer with uniformly distributed drug 1 (1),
2. PLLAZ2 layer with uniformly distributed drug 2 (2),
3. release-medium layer (£23).

For further detail about the problem domain see the graphic representation in figure 9. We will
define the function ¢y ; as the concentration of the drug 1 in layer ¢ and c2; as the concentration
of the drug 2 in layer 7. In this case we obtain the following set of equation:

%1i = D, - V2,
‘9321 D; - Ve

with  i=1,2,3. (28)

14



Table 2: Value of model parameters employed in numerical applications.

Parameter Symbol Value
PLLAT1 layer thickness Ly 0.41 mm
PLLA2 layer thickness Lo 0.47 mm
Release-medium layer thickness L, 8 mm
Domain width d 12 mm
PLLA1 diffusion coefficient D, 4 x 1071 m?/s
PLLAZ2 diffusion coefficient Dy 7x 107 m?/s
Release-medium diffusion coefficient D3 1 x107° m?/s
Kedem-Katchalsky constant value D 5x 1076 em/s

where D; is the diffusion coefficient of layer ¢. In this case we have no-flux condition on external
boundary ¥, (red line in figure 12) and continuity flux coupled with Kedem-Katchalsky condition
on internal boundary ¥; (light-blue line in figure 12):

D.Vei: =0
iV CLi on X, (29)
Dchzﬂ- = 0
D1Ver1 = DaVey o = p(01,2 - 01,1)
D =D = -
oVerp = D3Verz = pleiz — c12) on % (30)
D1Vep 1 = DaVeao = plean — c2,1)
DQVCQQ = D3VCQ,3 = p(CQ,S - 0272)

where ¢ is referred to the layer and p is a constant value. We solve the problem-governing-
equation with Finite Element Method (FEM) using COMSOL software. In particular the rect-
angular domain of generalized two layers problem is discretized by means of isoparametric 6-
nodes 2D-triangular elements with quadratic shape functions on concentration. The COMSOL
libraries allows to obtain the concentration field of the two drug c;; and cz; in the three layer
through concentration nodal values and shape-functions. The result obtained is shown in fig-
ure 13, in terms of time-dependent variation of concentration ci3 and co3 in one fixed point
of the release-medium-layer. In addition we compare our result model with the release profile
obtained in experimental study of [1]. The good fit was obtained via an empiric optimisation of
the diffusion coefficient D; (PLLA1 layer) and Dy (PLLA2 layer) while in agreement with the
condition of well stirred solution D3 is much larger when compared to Di, Do. The value of
model parameters employed is reported in Table 2.
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Figure 13: Concentration profile of the two drugs obtained with FEM in domain point P1 =
(d/2, Ly + Ly + L,/2)
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